Abstract: We give a complete classification of all pairs of cyclotomic polynomials whose zeros interlace on the unit circle, making explicit a result essentially contained in work of Beukers and Heckman. We show that each such pair corresponds to a single polynomial from a certain special class of integer polynomials, the 2-reciprocal discbionic polynomials. We also show that each such pair also corresponds (in four different ways) to a single Pisot polynomial from a certain restricted class, the cyclogenic Pisot polynomials. We investigate properties of this class of Pisot polynomials.
Introduction
As usual, let Φ ( ) denote the cyclotomic polynomial whose zeros are the primitive th roots of unity. Suppose that P( ) and Q( ) are cyclotomic polynomials, which for us (following [3] ) means that each is a product of one or more of the polynomials Φ ( ). We say that the pair {P Q} is an interlacing (cyclotomic) pair if P( ) and Q( ) are coprime, all their zeros are simple, and these zeros interlace on the unit circle (in the sense that between every pair of zeros of P( ) there is a zero of Q( ), and between every pair of zeros of Q( ) there is a zero of P( )). In particular, P( ) and Q( ) must have the same degree, and both 1 and −1 must appear amongst the zeros of P( )Q( ). Thus one of P and Q, say P( ), is a reciprocal polynomial, and the other (Q( )) is − 1 times a reciprocal polynomial. As PQ has no repeated zeros, it is a product of polynomials Φ for distinct values of . Finally, we say that the interlacing pair {P( ) Q( )} is imprimitive if both are polynomials in for some > 1. Otherwise the pair is primitive. It is known (see [11] , or Corollary 2.3 below) that if {P( ) Q( )} is an interlacing pair then so is {P( ) Q( )} for any ∈ N. Conversely, if {P( ) Q( )} is an interlacing pair for some , then so is {P( ) Q( )}. We also need to remark that {P( ) Q( )} is an interlacing pair if and only if {P(− ) Q(− )} is an interlacing pair. Thus to describe all interlacing pairs it is clearly enough to describe all primitive interlacing pairs, and in fact only one of the two interlacing pairs {P( ) Q( )} and {P(− ) Q(− )}.
The following result is essentially contained in the paper [1] of Beukers and Heckman, although a little work is needed to extract itsee Section 8.
Theorem 1.1.

The primitive interlacing cyclotomic pairs are the pairs {P( ) Q( )} and {P(− ) Q(− )}, where one of these pairs is given in Table 1 (two infinite families) or Table 2 (26 sporadic cases).
The proof of Theorem 1.1 uses, among other results, the Shephard-Todd classification of finite irreducible complex reflection groups.
Bober [2] also extracted something similar from the Beukers-Heckman work in the context of integral factorial ratio sequences. His Tables 1 and 2 of integral factorial ratio sequences correspond to our (shorter) Tables 1 and 2 of primitive interlacing cyclotomic pairs. (The reason that our tables are shorter is that we combine the entries for {P( ) Q( )} and {P(− ) Q(− )}.)
In our paper we have produced a number of bijections between the set of all interlacing cyclotomic pairs and certain sets of polynomials (including the set of 2-reciprocal disc-bionic polynomials). Thus, each such bijection maps a cyclotomic interlacing pair {P( ) Q( )} to a single polynomial in the target set. Then application of Theorem 1.1 enables us to describe these sets precisely. These bijections in turn imply the existence of other bijections between these sets of polynomials. We describe many of these bijections explicitly. Table 1 . The two infinite families of primitive interlacing cyclotomic pairs, with the disc-bionic polynomials associated to them by Theorem 2.1. In Section 2 we give a bijection between interlacing cyclotomic pairs {P( ) Q( )} and what we call 2-reciprocal discbionic polynomials. In Section 3 we define the set C of cyclogenic Pisot polynomials, which we partition in two ways:
In Sections 4 and 5 we produce various explicit bijections, as indicated in Figure 1 . Interlacing cyclotomic pairs 
E '
Cor. 5.4
Figure 1. Various bijections
In Section 6 we find the cyclogenic Pisot polynomials corresponding to {P(− ) Q(− )} and {P( ) Q( )} in terms of the cyclogenic Pisot polynomial corresponding to {P( ) Q( )}. In Section 7 we prove that the largest cyclogenic Pisot number is 3. In Section 8 we prove Theorem 1.1. Finally, in Section 10 we describe how all primitive interlacing cyclotomic pairs arise naturally from the study of rooted bipartite cyclotomic signed graphs. We call a nonconstant polynomial with integer coefficients bionic if its leading coefficient is 2. We call a bionic polynomial disc-bionic if all its zeros lie in the open unit disc { : | | < 1}. It is easy to see that a disc-bionic polynomial must be either of the form 2 for some ≥ 1, or the product of an irreducible disc-bionic polynomial and a nonnegative power of . Also, it is clear that a 2-reciprocal disc-bionic polynomial H( ) must be divisible by a positive power of . Furthermore, then (−1) deg H H(− ) and H( ), ≥ 1, are also 2-reciprocal disc-bionic.
The bionic polynomial bijection
A Garsia polynomial (see Garsia [7] , Brunotte [5] , Hare [9] ) is a nonconstant monic polynomial with integer coefficients, all of whose zeros have modulus greater than 1, and with the product of the zeros being ± 2. 
Theorem 2.1.
There is a bijection between the set of pairs {P Q} of interlacing cyclotomic polynomials and the set of 2-reciprocal disc-bionic polynomials H. It is given explicitly by
Proof. Let {P Q} be a pair of interlacing cyclotomic polynomials of degree , with say Q(1) = 0. Then, P + Q has leading term 2 and, by [13, Proposition 9.3] , all its zeros inside the unit circle. Hence H(
showing that H( ) is also 2-reciprocal. Note, too, that then P and Q are given in terms of H and H * by (1) and (2). Thus, corresponding to primitive interlacing cyclotomic pairs, there are primitive 2-reciprocal disc-bionic polynomials. Also, we make a canonical choice between such a polynomial H( ) and (−1) deg H H(− ), as follows. If Table 3 .
Since gcd( ) = 1, and are not both even. In the first case, the coefficients are a (nonempty) string of 2's followed by a (possibly empty) string of 1's, then a (nonempty) string of 0's, the smallest-degree such example being 2 .
Proof. The disc-bionic polynomials corresponding to the infinite families can be read off from Table 1 . For the first infinite family we put = and replace + 1 − by to obtain the first bullet point of the corollary.
For the second infinite family we note that is odd. If is also odd then − is even, so that, on replacing by − and multiplying by −1 the disc-bionic polynomial of the second family becomes 2 + The following result is an immediate consequence of Theorem 2.1 and the fact that if H( ) is a 2-reciprocal disc-bionic polynomial then so is H( ) for every ≥ 1.
Corollary 2.3.
If {P( ) Q( )} is an interlacing cyclotomic pair, then so is {P( ) Q( )} for every ≥ 1.
Cyclogenic Pisot polynomials
A Pisot number is a real algebraic integer θ > 1, all of whose Galois conjugates = θ have modulus strictly less than 1. As in [13] , we define a Pisot polynomial to be a monic integer polynomial having one real zero > 1, with all other zeros in | | < 1. It is thus the minimal polynomial of a Pisot number, possibly multiplied by a power of . For a Pisot polynomial A( ) of degree we say that it is cyclogenic if 2A (1) ≥ ( − 2)A(1). It is easy to check that a Pisot polynomial A is cyclogenic if and only if 2 A( ) − A * ( ) is positive on the interval (1 ∞). Also, we say that a Pisot number is cyclogenic if it is the zero of some cyclogenic Pisot polynomial. It turns out that the largest cyclogenic Pisot number is 3, see Proposition 7.1. For our purposes we need to extend the cyclogenic Pisot polynomials a little: we define C to be the set of all cyclogenic Pisot polynomials, plus the polynomials and ( − 1) for ≥ 0. (So we include the constant polynomial 1.)
We take C ≥2 to be the polynomials in C whose largest zero is in (2 ∞), along with the polynomial ( − 2) ∈ C, and C ≤2 to be the polynomials in C having no zero in [2 ∞), along with the polynomial − 2 ∈ C. We have C = C ≤2 ∪ C ≥2 , a disjoint union. In fact, as we shall see in Proposition 7.1, the largest cyclogenic Pisot number is 3, so that one could replace ∞ by 3 in these definitions without changing the sets that have been defined. Note that this proposition concerns all cyclogenic Pisot polynomials, apart from the exceptional ones and ( − 1) whose zeros are not (cyclogenic) Pisot numbers. 
Family
Cyclogenic Pisot Boyd number
Cyclogenic Pisot polynomial bijections
Our first result in this section is the following.
Theorem 4.1.
There is a bijection between the set of 2-reciprocal disc-bionic polynomials H( ) and the set C just given explicitly by
In the other direction it is given by
Proof. Given a 2-reciprocal disc-bionic polynomial ( ) for λ > 1 and then letting λ → 1 we see that H has at least deg A zeros in | | < 1, with the remaining zeros on the unit circle, which must be at = 1. Since A ∈ C just , both (2 − 1)A( ) − A * ( ) and its derivative are zero at = 1, and we see that H, as defined by (4), is a polynomial with all its zeros inside the unit circle. Moreover, H has leading coefficient 2.
We now show that H is 2-reciprocal. Let = deg A. Then deg H * < deg H = . Now
. Thus H is 2-reciprocal. An easy check shows that (3) and (4) are mutually inverse maps.
Theorem 4.2.
The bijection between the set of 2-reciprocal disc-bionic polynomials H( ) and the set of polynomials B ∈ C strictly is given explicitly by
Furthermore, the Boyd number of B is
In the other direction the bijection is given by
The proof of this theorem is similar to that of Theorem 4.1. The computation of the Boyd number is straightforward, using (6) and the fact that = deg H = deg B + 1 = B + 1, say. We note the following formulae: 
In the other direction it is given by A(
(ii) There is a bijection between such pairs {P Q} and polynomials B in C strictly . This bijection is given explicitly in one direction by
(iii) For A and B as in (i) and (ii), one of them is in C ≤2 and the other is in C ≥2 .
Proof. The proof is by composing the bijections in Theorems 2.1 and 4.1.
(i) We obtain (9) by substituting (4) and (5) into (1) . Then elimination of A * from (9) gives (10).
(ii) From (6) we obtain via → 1/ and deg B = deg H − 1 that
Then substituting (6) and (13) into (1) we obtain (11) . Elimination of B * from (11) gives (12) . Then proceed as in (i).
(iii) We see that A(2) = Q(2) − P(2), while B(2) = P(2) − Q(2). So if each of A and B are Pisot polynomials with a zero in [1 2) ∪ (2 3]
, or of the form with ≥ 0 then the result follows immediately. If A has 2 as a zero, it must be A( ) = ( − 2) ∈ C ≥2 , which corresponds using (4) to H( ) = 2 − 1. Then, using (6), we see that H corresponds to B( ) = − 2 ∈ C ≤2 .
Proposition 4.4.
For the two cyclogenic Pisot polynomials A ∈ C
just and B ∈ C strictly corresponding to the same pair of interlacing cyclotomic polynomials we have
Proof. We apply equations (4) and (7), and eliminate H to obtain
Noting that deg B = deg H − 1 = deg A − 1, we replace by 1/ in (15) and multiply by deg A to obtain
Then we obtain (14) by successively eliminating one of A * and B * from (15) and (16).
Bijections involving C ≤2 and C ≥2
There are similar bijections between pairs of interlacing cyclotomic polynomials and polynomials in C ≤2 , and also polynomials in C ≥2 . These follow readily from our earlier results.
Theorem 5.1.
Suppose that {P Q} is an interlacing pair of cyclotomic polynomials, with say ( − 1) | Q. Then (i) there is a bijection between such pairs {P Q} and polynomials A in C ≤2 . This bijection is given explicitly in one direction for A strictly cyclogenic by
and by
is just cyclogenic. In the other direction it is given by
(ii) there is a bijection between such pairs {P Q} and polynomials B in C ≥2 . This bijection is given explicitly in one direction for B strictly cyclogenic by
( ) if B is just cyclogenic. In the the other direction it is given by
The bijection between the set of 2-reciprocal disc-bionic polynomials H( ) and the set of polynomials C ( ) ∈ C ≤2 is given explicitly by
In the other direction H( ) is given by (4) if C is just cyclogenic (with C replacing A in (4)), or by (7) if C is strictly cyclogenic (with C replacing B in (7)).
The significance of H(1/2) comes from equations (3) and (6), from which we see that it determines the sign of A (2) and B (2), and thus whether the associated Pisot number is less than, equal to, or greater than 2.
Note that, since H( ) has no zeros in the interval (0 1/2), H(1/2) is positive if and only if the coefficient of the lowestdegree monomial in H is +1. So this coefficient is −1 if and only if H(1/2) ≤ 0. Thus, for instance, as a check, we see that in Table 3 the just cyclogenic Pisot numbers greater (less) than 2 correspond to the polynomials H with smallest-degree coefficient positive (negative).
Theorem 5.3.
The bijection between the set of 2-reciprocal disc-bionic polynomials H( ) and the set of polynomials C ( ) ∈ C ≥2 is given explicitly by
In the other direction H( ) is given by (7) if C is just cyclogenic (with C replacing B in (7)), or by (4) if C is strictly cyclogenic (with C replacing A in (4)).
The following is a consequence of Proposition 4.4.
Corollary 5.4.
For the two cyclogenic Pisot polynomials A ∈ C ≤2 and B ∈ C ≥2 corresponding to the same pair of interlacing cyclotomic polynomials we have
where the exponent A (respectively B ) is 3 or 1 depending on whether A (respectively B) is just cyclogenic or strictly cyclogenic.
Proof. This follows easily from Proposition 4.4. From (14) we see that for A and B as in Proposition 4.4 we have A(2) = −B (2) . Also, A( ) = ( − 2) if and only if B( ) = − 2. Since we have specified that − 2 ∈ C ≤2 and ( − 2) ∈ C ≥2 , we see that one of A B in (14) is in C ≤2 and the other is in C ≥2 . Thus (17) gives the required bijection. 
The relationship between cyclogenic Pisot polynomials from {P( ) Q( )} and those from {P(− ) Q(− )} and {P( ) Q( )}
Suppose
if A has odd degree, is also a just cyclogenic Pisot polynomial. Moreover, if A is related to the interlacing cyclotomic pair P( ) Q( ), as described in Theorem 4.3, then A − ( ) is related to the pair {P(− ) Q(− )} if P and Q have even degree, and to the pair {−Q(− ) −P(− )} if P and Q have odd degree.
(ii) Given a strictly cyclogenic Pisot polynomial B( ), the polynomial Proof. For (i): From (10) we see that
if A has odd degree.
We then replace by − in the formulae (9) for P and Q, and substitute into (19). The proof for (18) of (ii) is similar.
The formula for the Boyd number is a routine calculation using (18).
Theorem 6.2. (i) Suppose that A is the just cyclogenic Pisot polynomial corresponding to the interlacing cyclotomic pair {P( ) Q( )}.
Then for any ∈ N the just cyclogenic Pisot polynomial A corresponding to the interlacing cyclotomic pair {P( ) Q( )} is given by
(ii) Suppose that B is the strictly cyclogenic Pisot polynomial corresponding to the interlacing cyclotomic pair {P( ) Q( )}. Then for any ∈ N the strictly cyclogenic Pisot polynomial B corresponding to the interlacing cyclotomic pair {P( ) Q( )} is given by
Furthermore, writing for the Boyd number of B( ), the Boyd number of B ( ) is
(iii) As → ∞, the Pisot number zeros of both A ( ) and B ( ) tend to 2.
Proof. (i) From (3) we have, first on replacing by and then on replacing H( ) by H( ), that
Taking the reciprocal of the first of these equations, and using the fact that A and H have the same degree, we obtain
We now eliminate H( ) and H * ( ) from these three equations to obtain the result.
(ii) Similarly, we obtain from (6) that ). We then see that
Hence for sufficiently large A ( ), and, similarly, B ( ), has a zero in the interval (2 − |δ| 2 + |δ|), which of course must be the Pisot number zero of A ( ) or B ( ).
The largest cyclogenic Pisot number is 3
Proposition 7.1.
The largest cyclogenic Pisot number is 3. All other cyclogenic Pisot numbers have norm at most 2, the largest of norm 2 being 1 + √
= 2 7320
, and the largest of norm 1 being 1 + √
= 4142
For the proof, we need the following simple lemma.
Lemma 7.2. Proof of Proposition 7.1. Suppose that the cyclogenic polynomial A has a zero α > 3, and that its other zeros are the α . From the identity 1 1 −
we have that
which is less than 2 for α > 3. Hence, as A(1) < 0, 2A (1) < ( − 2)A(1) for α > 3, showing that A is not cyclogenic. On the other hand, it is easily checked that − 3 is cyclogenic.
We shall also need from (22) and the cyclogenic condition the fact that 
Proof of Theorem 1.1
For the proof, we first recall some definitions from [1] . Let a = ( 
Small cyclogenic Pisot numbers
As is well known, Siegel [15] showed that the smallest element of the set S of Pisot numbers is 1 3247
, with minimal polynomial 3 − −1. All elements of S in an interval not containing a limit point of S can be found, using the DufresnoyPisot-Boyd algorithm [4] . This algorithm can easily be tweaked to compute also the Boyd number of all Pisot numbers found. Thus we find that the smallest ten Pisot numbers are cyclogenic. The eleventh smallest, 1 5911843
, with minimal polynomial 9 The smallest element of S is the cyclogenic Pisot number 1 618033989 , the golden ratio, with minimal polynomial 2 − − 1. It is a limit point both of the cyclogenic Pisot numbers having minimal polynomials ( ( 2 − − 1) + 1)/( − 1) and the noncyclogenic Pisot numbers having minimal polynomials ( 2 − − 1) + 2 − 1. This shows that the set of noncyclogenic Pisot numbers is not closed.
The smallest noncyclogenic element of S is 1 90516616775 with minimal polynomial 4 − 3 −2 2 +1. It is a limit point only of noncyclogenic Pisot numbers, for instance of the sequence with minimal polynomials ( 4 − 3 − 2 2 + 1)+ 3 + 2 − −1. This shows that the set of noncyclogenic Pisot numbers contains some but not all of its limit points.
The noncyclogenic Pisot number 1 933184981899, with minimal polynomial 5 − 2 4 + − 1, is the limit point of the sequence of (just) cyclogenic Pisot numbers having minimal polynomials ( 5 − 2 4 + − 1) − 4 + 3 − 1, showing that the set of cyclogenic Pisot numbers is not closed, either. It is also the limit point of the sequence of noncyclogenic Pisot numbers having minimal polynomials ( 5 − 2 4 + − 1) − 4 + − 1, showing that the set of Pisot numbers that are limit points both of the set of cyclogenic Pisot numbers and of the set of noncyclogenic Pisot numbers contains both cyclogenic Pisot numbers and noncyclogenic Pisot numbers.
Interlacing cyclotomic polynomials from graphs and signed graphs
In this section we remark that all primitive interlacing cyclotomic pairs can also be produced from graphs or signed graphs. The method is as follows. Suppose that A is an × integer symmetric matrix with characteristic polynomial χ A ( ). For some delete the th row and column of A, to obtain A , with characteristic polynomial χ A ( ). Then by Cauchy's Interlacing Theorem (see Fisk [6] for a slick proof) the eigenvalues λ 1 ≤ λ 2 ≤ ≤ λ of A and the eigenvalues µ 1 ≤ µ 2 ≤ ≤ µ −1 of B interlace, so that they satisfy
We now assume that χ A ( ) is an even or odd function of . This occurs, for instance, when A is the adjacency matrix of a bipartite graph or signed graph. Then also A has all entries 0 or 1 (respectively 0 1 or −1). We assume further that A has all its eigenvalues in [−2 2]. Then it is readily checked [11] that the pair of polynomials Table 5 , with Figure 2 , gives a graph or signed graph with a distinguished vertex for every primitive cyclotomic pair {P( ) Q( )}. Take A to be the adjacency matrix of the (signed) graph, and A to be the adjacency matrix of the (signed) graph with the distinguished vertex removed. Then the construction above gives the pair {P( ) Q( )} of interlacing cyclotomic polynomials. Table 5 . The solid edges correspond to an entry 1 in the adjacency matrix, while the broken edges correspond to an entry −1. The distinguished vertices are circled.
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To prove simplicity of the zeros of , note that at = we have / = / and so
showing that ( )/ (1/ ), and hence ( ), has no repeated zeros on the unit circle.
